Based on the concept of sliding mode control, we study the problem of steady state covariance assignment for bilinear stochastic systems. We find that the invariance property of sliding mode control ensures nullity of the matched bilinear term in the system on the sliding mode. By suitably using Ito calculus, the controller u(t) can be designed to force the feedback gain matrix G to achieve the goal of steady state covariance assignment. We also compare our method with other approaches via simulations.
Introduction
Bilinear stochastic systems occur in real control systems: the stochastic input process may model disturbances, input measurement errors, or a feedback control from a noise output. Some types of these systems, called "state-dependent noise (SDN) systems" occur very often in aerospace systems [1] . Others may be found in uncertain flexible systems [2] and etc. However, when the real systems are modeled as the form of bilinear stochastic systems, the control designs for various objectives are important topics to be addressed. Therefore, the covariance control for bilinear stochastic system has been widely discussed in the literature [3] - [7] . In [3] , the authors developed a methodology of constrained variance design for a bilinear stochastic continuous system. The methodology of choosing a compatible covariance matrix, which is based on the state covariance assignment (SCA) theory, may satisfy the performance objective. In [4] , the authors proposed a covariance assignment theory for bilinear stochastic discrete system by the observed-state feedback. In [5] , they studied the characterization of the entire set of state covariance which may be assigned to the bilinear stochastic discrete system by state feedback. In [6] , the authors extended the theory of covariance control for linear discrete time systems to a general class of bilinear stochastic discrete time systems, while in [7] , the authors extended the theory of covariance control to continuous time bilinear systems. However, the systems may become unstable when large parameters emerge. Based on the concept of sliding mode control (SMC), we may regard the bilinear term as a perturbation as well as the parameter uncertainties of the system. A new control design is developed for the problem of bilinear stochastic system. The main advantage of SMC system is that the system dynamics in the sliding mode are invariant of the parameter uncertainties and perturbations if the parameter uncertainties and/or perturbations satisfy the matching condition. In this paper, we will show that if a proper sliding surface is chosen, the controlled system in the sliding mode is insensitive to the perturbations and can be represented as a linear feedback form. Thus, the state covariance assignment can be achieved easily. This concept is based on the covariance control approach [18] , which has been used to design a controller for directly achieving state covariance assignment. Moreover, the authors Chang and Wang and Chang have successfully extended this approach to many systems within different objects [8] - [11] . This paper is organized as follows. Section 2 describes the system structure and formulates the problem. In Sect. 3, the switching function and the sliding phase of the system are studied. In Sect. 4, the hitting phase and the hitting control are discussed. In Sect. 5, the feedback gain matrix G for the specified state covariance is gotten. A numerical example is given to demonstrate the control effect of the presented method in Sect. 6. Finally, some conclusions are made in Sect. 7. Here, we pre-define some notations which will be used in the consequent sections, z(t) and M are the 2-norm and induced 2-norm of the vector z(t) and the matrix M, respectively. z(t) 1 is 1-norm of the vector z(t); (·) T and (·) + denote the transposition of (·) and the Moore-Penrose inverse of (·), respectively.
System Description and Problem Formulation
Consider a linear time-invariant bilinear stochastic multivariable system established on a filtered probability space (Ω, F, (F t ) t∈R +, P) and the system is described aṡ
where A and N i ∈ R n×n , B and D ∈ R n×m ; x(t) ∈ R n×1 and v i (t) ∈ R 1×1 ; u(t) and w(t) ∈ R m×1 . Here, we assume that the n > m is satisfied and the w(t) and v i (t) are zero-mean Copyright c 2007 The Institute of Electronics, Information and Communication Engineers mutually independent white noise satisfying (2) and (3), respectively.
E(w(t))
where x(0) denotes the initial state of x(t), W ∈ R m×m and V ∈ R 1 . Suppose that (A, B) is a stabilizable pair, and the matrices B and
Moreover, we also assume that the range space of matrix B intercepts the range space of matrix D only at the origin. Let X denote the steady state covariance
The main theme is to develop a controller u(t) such that the steady state covariance (5) of (1) satisfies a pre-assigned value. For the system with bilinear term
, the SCA problem has been discussed by many papers ([3]- [7] ). However, it can be easily seen in those papers that the presence of q i=1 N i v i (t)x(t) makes the SCA problem become much harder to tackle due to complicated computation procedures and system instabilities. In order to deal with the difficulty caused by
, it is possible to utilize the invariance property of SMC to handle the bilinear system.
Sliding Phase of the System
Suppose we select a switching function S (t) corresponding to x(t), where x(t) is the solution of (1) as follows
where x(t) is the solution of (1), and C and G ∈ R m×n are constant matrices to be designed. C is chosen such that CB is nonsingular and G is the control feedback gain matrix to be determined so that the state covariance can fit the requirement in the sliding mode. The switching function S (t) in (6) is well defined for the solution x(t) of the system (1). Differentiating Eq. (6) with respect to time and using Eq. (1), we obtainṠ (t) = Cẋ(t)−CAx(t)−CBGx(t). In the sliding mode, the states satisfyṠ (t) = 0, then we get the equivalent control as follows u eq (t) = Gx(t) − (CB) (1), we have the following sliding mode dynamic equatioṅ
where I denotes the identity matrix. According to the invariance property ( [12] , [13] ), we know that the system is insensitive to the perturbations in the sliding mode. Therefore, if the term
is regarded as a perturbation to the dynamics, then the behavior of the system in the sliding mode is insensitive to bilinear term. That is, if (4) holds, i.e.,
, where Q i ∈ R m×n , then substitute (4) into (7) we find that the second term of the right hand side of (7) becomes zero. Thus, (7) is reduced tȯ
Remark 1: If we choose CD = 0 thenD = D. (8) can be rewritten as followṡ
Remark 2: The sliding mode dynamics of the system (9) is independent of the matrix C. The choice of C to satisfy CD = 0 is very easy and does not affect the sliding phase of (9) [8], [9] .
Therefore our forthcoming works are to design a controller u(t) to guarantee the existence of the sliding mode, and then properly choose the feedback gain G so that the specified state covariance can be achieved in the sliding mode.
Hitting Phase of the System
Let us define a Lyapunov function
The following theorem must be proposed first.
Lemma 4.1
For the system (1), if a Lyapunov function V(S (t)) is chosen as (10) and the controller u(t) is designed as (11)
then we have
In which the white noise w(t) and v i (t) satisfy (2) and (3).
Proof
Differentiating (6) with respect to time, we geṫ
Substituting (11) into (13), (13) becomes
Applying Ito-formula ( [14] , [15] ) to V(S (t))
in view of (14), leads to the following equation
The proof is completed. It's not hard to prove that E S (t) ≥ E q i=1 CN i x(t) , which shows that S (t) ≥ q i=1 CN i x(t) must hold with a positive probability. Now we turn to the following main theorem.
Theorem 4.1
Conditioned on S (t) ≥ q i=1 CN i x(t) , for the system (1) with CD = 0, set the controller u(t) to satisfy (11) . Then the state of system will converge to the sliding surface, where k ≥ 
(see [16] , [17] ).
Proof
From (12), we obtain
Substituting CD = 0 into (17), (17) becomes
where conventionally
According to Lyapunov criterion, the state x(t) will converge to the sliding surface.
The Control Feedback Gain G Design
From the above, the control u(t) in (11) forces the state to hit the sliding surface (6) . According to the matching condition (4), the invariance property exists in the sliding mode and the sliding mode dynamics is (9) . The remaining problems then become:
(i). The necessary and sufficient condition for the existence of the matrix G to satisfy the pre-assigned state covariance X. (ii). The way to get the solution G. Now, consider the system dynamics (9) in the sliding mode. If (A + BG) is stable, then the steady state covariance matrix X of (9) satisfies the Lyapunov equation [18] 
Here, the SCA problems may be formulated as follows. Let the desired state covariance X = X T > 0 be given. Then the work is to determine the gain matrix G of the sliding surface to satisfy (20). The following two lemmas will be helpful.
Lemma 5.1 [18] For the dynamic Eq. (9) with (2) and (3), there exists a matrix G satisfying (20) such that the closed loop system achieves the specified steady state covariance X if and only if that X satisfies
Lemma 5.2 [18] If the specified steady state covariance X satisfies (21) for the system (9), the control feedback gain matrix G can be obtained from (20) and the form is as follows
where H ∈ R n×n is an arbitrary skew-Hermitian matrix and Z ∈ R m×n is an arbitrary matrix, then the specified steady state covariance (5) is assured.
The proposed design procedure
Let us summarize the above analysis to be the following procedure.
Assumptions: The system (1) is given with certain assumptions in Sect. 2. A steady state covariance X is prespecified.
Step 1: Get G from (22).
Step 2: Get the switching function S (t) as (6).
Step 3: The controller u(t) is obtained from (11).
A Numerical Example
In this section, we will illustrate the advantage of our approach by comparing with the result of [7] . Consider a single input of the system in (1) with m = 1 and q = 1. And the system's parameters are given as follows
where W and V are intensity of white noises defined in (2) and (3), respectively; N 1 is the parameter of bilinear term with δ ∈ [1, 2] . Also, the initial condition of state is
Method 1:
The method used in [7] Consider the system (23), X = 1 −1 −1 2 is assigned. Using the approach of [7] , the result is shown in Table 1 . From Table 1 , it is easy to see that if δ ≥ 1.81 then the individual variance constraints are not achieved. Moreover, if δ ≥ 2 then the system will be unstable. Table 1 State variances using SCA method of [7] . Table 2 State variances using our proposed method. Fig. 1 Time response of the state x 1 (t).
Method 2: Our approach
For the same system and the same X, the proposed design procedure is stated below.
Step 1: Choosing C = [0 1] such that CB 0. Clearly, the bilinear term disappears during the sliding mode. Step 3: Get the switching function
Step 4: The control u(t) = [−2 2]x(t) − (11.5 Cx(t) + 1) sgn(S (t)) is obtained from (11) , in which k = 11.5 and α = 1 are chosen. Table 2 illustrates the results of Method 2. In method 2, the simulation results for the state responses x 1 (t) and x 2 (t) with δ = 2 are shown in Fig. 1 and Fig. 2 , respectively. Table 2 , one can find that the individual variance constraints can be achieved during δ ≥ 1.81 or δ = 2. Moreover, in Method (2), the control feedback gain G and system stability are independent of the variation of bilinear term. For example, G is fixed with G = [−2 2] and system is stable during the δ changing in the range of [1, 2] . In other words, using our approach, one can ignore the changing of bilinear term. And that will make the problem of control design become easy. Therefore, comparing with Method (1), our proposed method has the merits of easy implementation and robust stability.
Remark 3: From

Conclusions
This paper has applied the invariance property of SMC to the state covariance control such that the results can ignore the bilinear term of the system. Since the utilization of SMC, the designed feedback gain matrix G not only has achieved the state covariance assignment but also has determined the sliding surface. Furthermore, in order to satisfy the hitting motion to the sliding surface, Ito-formula has been used to deal with the effect of white noises w(t) and v i (t). This paper might be an efficient way that applies SMC to the SCA problem of bilinear systems. Moreover, the authors will develop a new scheme to the high performance complex system along the path of the present paper in the future.
